Shafts are among the most common machine elements. The typical shape used to reduce stress concentrations is circular arches due to the simplicity. A shaft is typically loaded by axial, bending, and torsional loads in different combinations. The stress concentration factors are found in tables and charts. The circular design is not optimal from a strength point of view, and the strength can be increased using shape optimization. It is in this article shown how the maximum stress from the combined loads can be minimized, when the shape is parameterized using the simple super ellipse. This makes the resulting optimized designs easily transferable to practical design. The stress evaluation is numerically performed using the finite element method using harmonic elements that facilitates an axisymmetric model although the loading is unsymmetric. The stresses are reduced by up to a factor of 15%.
Introduction
Machine elements are typically standardized and bought from an external supplier, for example, bearing and bolts. For the different elements to function together, it is natural that the design follows specific guidelines specified in different standards so that, for example, a gear from one producer can mate with a gear from another producer. Some machine elements cannot be bought off the shelf, this is, for example, the case for shafts. The reason is that there is large variations in the specific use; a shaft has to accommodatemany different design constraints such as placements of bearings, gears, and belts, and the assembly process must be taken into account. The different failure modes typically taken into consideration when designing a shaft are maximum allowable stress, fatigue, deflection, and critical speed. The design of a shaft often involves many steps in the design phase.
A shaft is typically loaded by three different load types: axial, bending, and torsion separately or more generally in combinations. In most cases, the shaft size is controlled by the constraints on the maximum allowable deflection and/or rotation at, for example, the position of bearings or gears. But if care is not taken to limit the stress concentrations, these will control the shaft durability. The optimal shaft design for minimum stress concentration is straightforward: It is circular with no changes in the diameter, and this design, however, does not facilitate the attachment of power transmitting elements and bearings. The practical shaft design, therefore, includes abrupt diameter changes that with no rounding will cause stress singularities at the sharp corners. With the use of fillets, we do not have infinite stresses but a stress concentration described by the stress concentration factor K t (theoretical stress concentration factor). The theoretic stress concentration factor does not include a possible reduction due to the material notch sensitivity; by including this, we have the fatigue stress concentration factor K f . The stress found using a conventional finite element (FE) program corresponds to the theoretical stress concentration factor K t .
The stress concentration factor is typically found in charts in textbooks 1, 2 and also in more recent articles. 3, 4 The charts are given for circular fillets and for the three different loading situations separately. Many charts are based on experimental results from photoelasticity. The same results can be found using FE analysis, and the agreement is relatively good. The typical procedure for a combined load case is to find the maximum stress resulting from each loading, and from these maximum values calculate a reference stress (e.g. von Mises). This is done although the maximum stress is not found in the same point for the different load cases. Using this procedure, we end with a conservative estimate of the maximum stress. Structural optimization is a mature science, and optimization has been performed on shafts, but the result of optimization has had limited impact on the practical shaft design, and shafts are still mainly designed using the circular fillet design.
The minimization of maximum stress, that is, reducing the stress concentration factor and thereby increasing the strength of components, can be found in many articles. Many older references specifically in relation to fillet design can be found in Pilkey, 1 more recent references include previous articles, [5] [6] [7] [8] [9] [10] [11] and references within these articles. The majority of articles deal with flat or circular bars in tension. Despite the large number of publications, very little optimization has been reported for the combined loading case. In Sonmez, 11 an example of combined torsional and transverse loads is presented.
In this article, we will apply similar methods as presented in Pedersen et al., [12] [13] [14] [15] where optimization is performed on other machine elements such as gears and bolts. Typically relatively large strength improvements can be found for simple design modifications. Central for these design modifications is that revised design can still comply with the design specified by the standards.
The stress concentration evaluation is performed using the FE method. For a successful application of shape optimization, a couple of points are important. The main point is that the shape (with the high stress) parameterization is done separately from the designdomain FE meshing, that is, the nodal position in the FE mesh should not be used as design variables. 16 The shape can be given either analytically or numerically. Which method that is selected is not important for a successful optimization, the analytically given shape is more easily reported to other researchers, whereas a numerical spline-based design can be utilized directly in the manufacturing process through the computer-aided design (CAD) system. With the nodal position given by these types of parameterization, a mesh refinement can be performed to verify that the stress is converged.
In this article, we will, such as in Tipton et al., 3 use the ANSYS 17 program and utilize the harmonic elements. This allows for two-dimensional (2D) axisymmetric models that can handle the nonaxisymmetric loads or out-of-plane loading associated with bending and torsion. The harmonic elements can also handle the in-plane loading associated with axial load so that the same model can be used for all three load cases.
This article is organized as follows: In section ''FE modeling of shaft fillet,'' the FE modeling is presented, and a discussion of using an axisymmetric model using harmonic elements relative to using a full threedimensional (3D) FE model is discussed. For verification, the results are compared with the standard design and the results presented in stress concentration charts, also with the results presented in Tipton et al. 3 In section ''Super elliptical fillet design,'' the suggested parameterization and proposed fillet design modifications are presented. The conclusions are given in section ''Conclusion.''
FE modeling of shaft fillet
Fatigue strength evaluation of components (machine elements) makes the modeling and estimation of stress concentrations the important point. This evaluation demands a high number of FE meshing nodes on the boundary shape where the stress concentration is present. For a given design, for example, the standard circular fillet shape, the position of high stress can be found, and the element refinement can be done locally at this specific point reducing the need for overall mesh refinement considerably. In optimization where we seek to lower the maximum stress, the point of maximum stress is not known but is a function of the design. In fact, the optimality criterion for minimum stress on the surface/ shape is that the stress is constant on the surface, which will increase the number of nodes on the boundary since we need to evaluate the stress (correctly) over a larger area.
In Figure 1 , the possible forces and moments on a shaft are shown, axial load F x and torsional load M x .
The bending moment is
is normally not accounted for because the shear stress associated with this force is zero at the point of maximum normal stress due to the bending moment. The shaft geometry is axisymmetric and only the axial load is also axisymmetric. FE modeling of the shaft can be done in many ways. For the axial load, the simplest modeling is to use a standard axisymmetric model. For torsional load, the loading is out of plane relative to the plane of a 2D axisymmetric model, and this cannot be done with standard axisymmetric modeling. A full 3D shaft modeling can, of course, be used, but due to the symmetry, we can reduce the 3D model to a sector of a circle where the central angle in principle can go to zero, but this will be limited by the resulting FE mesh quality. For the bending moment, we can also utilize symmetry in a 3D FE model; here, it is possible to model only one quarter of the shaft (sector of a circle with central angle 908).
Example of maximum shear stress
The problem with modeling in 3D is best illustrated by a small example. The shaft loading and geometric quantities are as shown in Figure 2 .
The stress of interest here is the shear stress, and the stress concentration factor is defined as
where t max is the maximum shear stress and the nominal stress is defined as
A discussion of the definition of maximum shear stress in equation (1) is needed. The maximum stress could be defined as the maximum shear stress value on a cross section as defined by ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
or the maximum shear stress could be defined as the maximum shear stress defined by the principal stresses s 1 , s 2 , and s 3 as max
In Rolovic et al., 4 the latter definition is used, and in Pilkey, 1 it is simply stated that t max is the maximum shear stress indicating that the same definition is used. For comparison, we will here use the same definition. It should, however, be noted that the result of using equation (3) or equation (4) does not yield the same result, and using equation (4), the maximum shear stress is no longer perpendicular to the axial direction. For shaft in torsion, we know that (with reference to the coordinate system defined in Figure 1 )
where t r is the radial shear stress. This corresponds to the principal stresses
from which we find
In the example, the following geometry data are used
From Pilkey, 1 we have the following estimate for the stress concentration 
In Norton, 2 the following estimate for the stress concentration is given as (values are found from linear extrapolation)
With the given data, this corresponds to
The shaft is modeled in COMSOL with a quarter shaft model. The mesh needs to be refined at the fillet as seen in Figure 3 in order for the stress calculations to be converged. The number of degrees of freedom for the shown model is 5310 5 using tetrahedrals with quadratic displacement assumption. A mesh refinement must be performed to verify the stress level. The number of elements in the FE model can, of course, be reduced by fine-tuning, but the overall number of degrees of freedom in the 3D FE model will stay around the same number. With the objective of using shape optimization to reduce the maximum stress, the number of elements should most probably be increased leading to a slow optimization process. The FE results are shown in Figure 4 .
The maximum value corresponds to a stress concentration factor of K ts = 1:39, that is, slightly less than what is found from the two references (4% and 6% less, respectively). The result reported in Rolovic et al. 4 (based on the overall same approach) is K ts = 1:41, that is, in closer agreement. If the stress concentration is based on equation (3), the result is K ts = 1:36, clearly showing the difference between the two definitions of maximum shear stress. The maximum shear stress along the fillet is seen in Figure 5 . It is clearly seen that the stress is not optimal due to the large variation and because there is not a segment with constant stress.
Using the harmonic axisymmetric elements in ANSYS for the same design, we find the results shown in Figures 5 and 6 . The stress found in the fillet is identical to that found in the 3D model as shown in Figure  5 so also here the stress concentration factor found is K ts = 1:39.
Influence from Poisson's ratio
In the charts for stress concentration found in the literature, it is never, to the author's knowledge, specified what value of Poisson's ratio, n, that have been used/ applied. Many original charts have been made from photoelastic experiments, that is, not using steel, and in Dally and Riley, 18 it is stated that the influence of Poisson's ratio on the result is usually small, meaning less than 7%. In relation to optimization, this difference is not negligible since the improvement in the stress level is of the same order typically.
To exemplify the influence of Poisson's ratio, we show in Figure 7 the stress concentration for bending defined as
where s max is the maximum principal stress and the nominal stress is defined as
for the specific value D=d = 3:0. From Figure 7 , it is seen that overall, the influence of n is small but not negligible, especially for the low values of r=d. In the graph, the highest deviation found is
that is, a 10% difference. For the highest value of r=d shown, the deviation is approximately 2%. In the previous part of this article when not specified and in the remaining part of this article, we will assume that n = 0:3 corresponding to the normal value for a steel shaft.
Stress concentration charts using harmonic FE
Using harmonic axisymmetric FEs is the best numerical method for evaluating the stress concentrations in shaft fillets. This is due to the relatively high number of elements needed along the fillet with the stress concentration. From previous studies of stress concentration, for example, in gear, 15 it has been shown that up to 400 nodes along the shape are needed in order for the stress level to be converged. It is specifically essential when using FE analysis to evaluate stress concentration that a mesh refinement is performed to verify that the stress level is correct. An automated mesh refinement will typically not make the stress converge because the extra nodes on the boundary are placed on the linear segments between the existing nodes. The new nodes must be placed correctly on the defined shape of the fillet.
The results presented here are compared to what is reported in Pilkey 1 and Tipton and coworkers. 3, 4 In principle, the same computational approach as used in Tipton and coworkers 3,4 is used here. The overall findings are, however, not the same which might be due to the FE mesh used in Tipton et al. 3 which when compared to the refined mesh used in this article is too coarse. In this article, the number of 8-node elements along the fillet is increased to 400 to verify that the stress level is converged.
For all three types of loading (axial, bending, and torsion), a curve fit to the data has been made using the formulas
where the curve fitted values of A, B, and C are given in tables for different values of D=d. In order to have the tight fit between the numerical results and the proposed curve fits, it is not attempted to find function that specify the values A, B, and C as a function of D=d as carried out in previous articles.
3,4
Shaft in bending. In Figure 8 , the stress concentration factor for the shaft with a fillet in bending is shown. The points in this figure are the numerical solutions, and the full lines are the curve fits. The curve fit is split into two in order to have a tight fit: one fit for r=d \ 0:05 and the other for r=d . 0:05. The values for the individual curve fits that follow equation (15) are given in Table 1 . The curve fits are seen to be in excellent agreement with the numerical results for the full range of r=d. The results here compare very well to that found in Tipton et al. 3 which are to be expected because the same overall analysis method is used. In this article, the load is applied as a triangular stress at the end, not as a load couple as carried out in Tipton et al. 3 Small differences might be due to the meshing quality. In this article, up to 400 elements have been applied along the fillet to guaranty stress convergence.
In Figure 9 , the curve fits presented in Pilkey 1 are compared with the present findings. Overall, the results compare well, and it is, however, seen that the curve fit from Pilkey 1 generally underestimates the stress concentration factor which potentially can lead to fatigue failure of a design.
Shaft in axial load. In Figure 10 , the stress concentration factor for the shaft with a fillet in axial load is shown. The points in this figure are the numerical solutions, and the full lines are the curve fits. The curve fit is split into two in order to have a tight fit: one fit for r=d \ 0:05 and the other for r=d . 0:05. The values for the individual curve fits that follow equation (15) are given in Table 2 . The curve fits are seen to be in excellent agreement with the numerical results for the full range of r=d. It is noted that compared to bending, axial load generally gives rise to a higher stress concentration factor. The results here do not compare so well to the results taken from Tipton et al. 3 The comparison is given in Figure 11 . It is noted that it is primarily for the low values of D=d that there is a difference, that is, for D=d \ 1:1. This is most probably due to the different meshes. The results of Tipton et al. 3 indicate that a too coarse mesh has been used since the stress is underestimated. The comparison to the curve fit present in Pilkey 1 is worse, and generally, the stress concentrations are underestimated.
Shaft in torsion.
In Figure 12 , the stress concentration factor for the shaft with a fillet in torsion is shown. The points in this figure are the numerical solutions and the full lines are the curve fits. The curve fit is split into two in order to have a tight fit: one fit for r=d \ 0:05 and the other for r=d . 0:05. The values for the individual curve fits that follow equation (15) are given in Table 3 . The curve fits are seen to be in excellent agreement with the numerical results for the full range of r=d. It is noted that compared to bending and axial loads, torsion generally gives rise to a lower stress concentration factor. It is again noted that the t max is defined from the principal stress as shown in equation (4).
The results here compare very well to that found in Rolovic et al. 4 for the full range shown in this figure.
Super elliptical fillet design
In previous publications [12] [13] [14] [15] related to stress minimization/optimization in machine elements, it has been shown that the super elliptical shape and variations of this is an excellent choice for designing a shape with minimum-maximum stress.
The super ellipse (with principal axes a and b and super elliptical power h) is in parametric form given by
The optimization in this article is performed with the objective of having minimum-maximum stress. The optimizations are performed as simple parameter studies, that is, without sensitivity analysis. This approach is feasible here because of the small number of design parameters (only three design parameters, a, b, and h). The constraints of the optimization problem are the limits to the design parameters.
The reason for having a diameter change in a shaft is typically to axially constrain an attached hub. A hub typically has a 458 chamfer at the outer corners with a side length L. The fillet in the shaft should be designed such that the hub is in axial contact with the shaft, and this leads to the following constraints on the design parameters a4L, b4L, h51 ð18Þ
The design parameterization and the constraints are illustrated in Figure 13 .
To exemplify the optimization, we first optimize for specific dimensions equation (8) , which corresponds to a design-domain side length L = r = 0:1d. By increasing especially the upper limit on design parameter b, there is possibility to minimize the maximum stress significantly. However, relative to practical machine elements, this is limited by other constraints on the overall design, and therefore, we choose here the more The stress distribution along the fillet for the three design cases is combined in Figure 14 for easy comparison. It is clearly seen that overall, the three designs give a constant stress along the fillet.
For most applications, the shaft loading is a combination of axial, bending, and torsional loads. The stress concentration factor evaluation must, therefore, be specified relative to an equivalent stress, for example, von Mises stress. In practical applications, for example, in machine elements, it is common to use the stress concentration charts for the single-load case and use a conservative assumption for evaluating the combined stress concentration factor. The following assumptions are used:
The stress concentration factors for the three loads are found from the chart related to the single-load cases. Although the maximum stress is not found in the same point for the three load cases, this is assumed. For bending and axial loads, the maximum normal stress is assumed to be in the axial direction, that is, the x-axis in Figure 1 . For torsional load, the maximum shear stress is assumed to be in the plane with the x-axis as normal as defined in equation (3) .
For a specific combination of loads (defined by the individual nominal stress) where the axial load alone is s axial nom = 1 and the nominal stress from bending load alone is s bending nom = 1 and finally that the nominal stress from torsional load alone is t torsion nom = 1, we find the combined nominal von Mises stress
Using the usual assumption for combining stress concentrations, we find the stress concentration (von Mises stress) Calculating the von Mises stress numerically for the combined load case, we find the following stress concentration which clearly shows that the normal procedure for calculating the combined stress concentration is conservative.
Applying optimization and the elliptical shape design, we find the design, a = 0:49r, b = r, and h = 1:67, giving a reduced stress concentration factor of K vM = 1:45.
The optimization result will depend on the relative amount of the three different load cases. 
Generalizing results
The optimization in the previous section is performed for a specific size of fillet and diameter ratio. If these values change the optimal design, parameter values also change. For D=d = 3 and L = 0:1d loaded by axial, bending, and torsional loads (s axial nom = 1, s bending nom = 1, and t torsion nom = 1), the optimized values are a = 0:52r, b = r, and h = 1:62. This corresponds to a 11:3% reduction in stress compared to the circular design.
With the found variation in the design parameter values, it is difficult to make a suggestion for a new common standard for fillet design, that is applicable for the whole range of diameter variations and load variations. The results show, however, that it is possible with the super elliptical design parameterization to reduce the stress independently of the dimensions and load combinations.
If the dimensions are fixed (d, D, and r) but the load combination is unknown, it is possible to suggest values for the design parameters that independently on the load combination will reduce the stress level compared to the circular design.
Conclusion
In this article, stress concentration of fillets is found using a refined FE analysis using axisymmetric harmonic elements that are capable of handling out-of-plane forces. This enables efficient modeling of combined loading of axial, bending, and torsional loads. New charts for the standard circular fillet design are presented together with curve fits.
The influence of Poisson's ratio (often neglected) is discussed, and it is shown that a difference of up to 10% in the stress level can be related to the selected Poisson's ratio. Generally, the charts are presented for steel (n = 0:3).
The stress concentration factor for the combined loading is discussed, and the common procedure for finding the combined stress concentration factor from the charts is shown to be conservative.
To minimize (optimize) the fillet stress, the super elliptical shape is suggested. The benefits being that the design parameters are few while still being flexible enough to obtain a design where the stress level is constant over a majority of the fillet surface. The possibility of specifying a new standard design is discussed, but due to the large variation in the overall relative dimensions and the large variation in the load combinations, it is found that this is not possible. For a specific design, it is shown that it is possible to reduce the stress with up to 15%.
